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CONTINUITY AND DIFFERENTIABILITY

W/ IMPORTANT FORMULAE /W) Important gule :
1. Continuous Function : ) ®y=cflx)= — = cf (x)

If Lt Ra—-h)= Lt fla + k) = fla) then flx) is said to be
contmuous at x a

d
y=fx) £glx)= -~ -f(x) +g°(x)

® A function flx) is said to be continuous at x = a if lx) is ® Product Rule
Iim f(x)= lim dy
defined at x =a and , 17, [V B0, 1) = fla), ¥ = f)g) = = =f@gk) + flulg )

® A function flx) is said to be continuous at a if
lim fx)= lim f(x) =fla) '

° Geometrlcal meaning of continuity : In geometri-

= u(x).v(x).w(x)

=2 d_i = u” (0).v00).wlx) + ux).v wlx) + ulx).vlx).w(x)

cal form, a function fix) is continuous at x = ¢ if the ® Division Rule
graph of y = fx) has no break at x = a. fx) dy  f(x)g@)-Fa)g )
2. Differentiability : VA= 2(x) =t (g \
) . flo)-f(@) ® Chain Rule : If y = flg(x)), i.e., y = ft), where t = g(x),
LHD:f(a—O):xl_l)il}O L B y ! dy dy dt
en -
f’(a+ ) x—a—-0 x—a 4 f(x)

— 1 —11
Iff(a~0) =f (a + 0) = k, then flx) is differentiable at y { f(x)} 4L oge A (x} { o8 fl@)}=

x = a and we write that f(a) = k.
® Relation between continuity and Differentia- (1) (ex) =
bility :
1. If the function flix) is differentiable at any point, (11)
then it is also continuous at that point.
2. If a function f(x) is not differentiable at any point
then it may or may not be continuous at that point.
3. Ifafunction is continuous at any point, then it may d dz
or may not be differentiable at that point. (iv) e (‘j’z = E €) _d_ » Where z is a function of x.
4. Ifafunction is discontinuous at any point, then it is
not differentiable at that point. (V) (a =l (a ) , where z is a function of x.
5. () Iff(a-0)is a definite number, then flx) will be
continuous from L.H.S.
(i) Iff(a + 0) is a definite number, then flx) will be

fx)

(a") a*log, a

d 1
(111) (log x) =

d dz
(v1) (log z)= dz —-(logz). - dx’ where 2 is a function of .

continuous from R.H.S. Derivative of the function of the form of o and
® Geometrical meaning of Derivative at a Point : log(flx)), where flx) is a function of x.
In geometrical form, fix) is differentiable at x = a if a ® Implicit derivative : Ify = At) and x = Ai£), where £ is
tangent line can draw at x = a on the graph of y = flx). a parameter, then
Yd\

y=f(x) dy

y+y y dy @ﬂ _dt

de = dt dx  dx

dt

® Rolle’s Theorem :
Statement : If a function Ax)

(i) is continuous in closed interval [a, b] or is
0 - T g7 continuous at every point of interval [a, b].

4—Y—>

»
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(1) 1S Quuerenudnie i open 1nterval ta, b) or is | J2

differentiable at every point of interval (a, b). 3. If y = e*, then ;l;zi =
(iii) and fla) = Ab), then there will exist atleast one ' N
point x, where a < x < b such that f’(c) = 0. (2)2y ‘j(b)y_) (e} 4y (ﬂ? &
® Lagrange’s Mean Value Theorem : e LT - 1 dy _
Statement : If any function flx) 4. Ify=tan e , then § T ey
() is continuous in closed interval [a, b] or continu- 1 1
ous at each point in the interval {a, bl. (a) 21 + %) (b) 142
(ii) is differentiable in open interval (a, b) or differen-
tiable at each point in the interval (a, b), then there (e TN (d) none of these
exists atleast one ¢, where a < ¢ < b such that : t & d
f) - f(a) 5. If Jx + \/§ = 5, then at (4, a), Gl
) = —B—— dx
. . =2 2 3 3 2
o Differential Table: (a) 5 (b) 5 (c) - o d)- =
‘Function | Differential Function | Differential dy
B 6. If x = at?, y = 2at, then — =
— Al dy = n-1 - dy — dx
y=x P y=e e =ig 1 a
% dy (a)t (b) 7 (©)at ) n
Y=t de 0 y=a e a*loga 7. A function fis said to be continuous at x = a, if :
dy dy 1 (a) lim exists - (b) lim does not exist
y=x d—=1 y =logx d—=; x-e x—a
x X (c) la) exists (d) none of these
1 l 131 = —_1_ = log x ﬂ = 1
S dx ~ % Y = 06 dx xlog,a x* -8 P
dy 1 dy 1 8. The function fdefined by fix) = { x -2 is :
y=\/; —_— = — y=sinlx | = — 12. x =2
dx  24Jx dx \[1 _ x? , X =
. dy | Dy -1 (a) not continuous at x = 2
y=sinz |->= €os X y=cos x| = — (b) continuous at x = 2
! (c) continuous at x = 3
dy L | gy 1 (d) not continuous at x = — 2
y =C08 X a;—smx y=tan ‘' x £=1+x2 dy
dy ] a5 _1 9. Ify=\/x+,[x{r,/x+....oo,thena=
y=tanx |— =sec’x y=cotlax |- = 3
dx dx 1+x 1 1 1 1-
(a) (b) (c) d) —
2y +1 2y -1 y+1 y-1
y = cot x ay __ cosec? x| y = seclx dy _ 1 | 10. If Rolle’s Theorem is true on [1, 5] for the function '
dx dx x| sz -1 flx) = x2 — 6x + 5, then the value of c is :
(a1 (b) 2 (©3 (d4
i 9 iy = :
y=secx | % =secxtanx|y=cosecx dy _ 1|1, G Ly) = (BSEB, 2015) |
i | %l @ ) ©2(1-5) @ -2
a) 7 ——(c —-x -
J1— %2 / 2"
y=cosecxj—y = — cosec X | d o 1-x |
x cot x 12. —— (sin % + cos™ x) = (BSEB, 2015)
w Multiple Choice Questions 7z mmm00000004574%% (a)0 ()1 (©) gy (@) 1
L x=1,2,3,4,5 : 1-* |
1. Ifpx)=415"" 777 7 ,thenplx=1)is: 13. Ify = sin (x%), then gl = (BSEB, 2015)
0 : otherwise x
1 > (BSEB, 2011) (a) %® cos (x?) (b) 3x2 sin (x%)
(a) = ) . (c) 3x? cos (x?) (d) cos (x?)
1 _ dy _
© 5 (d) none of these .14. If y = tan? x, then e (BSEB, 2015)
dy (a) sec’x (b) sec* x
2. If y = log x*, then o (BSEB, 2010) (c) 2 tan x. sec x (d) 2 tan x sec’x
(a)l (b) log x Ans. 1. (a), 2. (d), 3. (c), 4. (a), 5. (c), 6. (b), 7. (d), 8.(b),
(c) log (e¥) (d) none of these 9. (b), 10. (¢), 11. (a), 12. (a), 13. (b), 14. (d).



s Very Short Answer Type Questions wxzz04

Q. 1, F_find % (sin
Solution :

% (sin Vx )

Q. 2. Find % (sin? x).

Solution : )

d ..,
i (sin®x)

Q.3.Find y = L

sin x
Solution :
y
= y
dy

V). (BSEB, 2014)
d
= cosvx — (Jx)
‘ dx ‘
_ COS\/;_
2/x

(BSEB, 2014)

% (sin x)?

d -
2 si — (sin x)

sin x dx(l x
2 sin x cos x

sin 2x

In

dy
e, then find —2 .
+ en 1in
(BSEB, 2014)

sin x
= cosec x + &*

= —cosec x cot x + e*

dx

Q.4.Ify= Jx? + ax + 1, then find

Solution :

1,2

|
<
[

dy

(BSEB, 2014)

+ax+1
= (x®+ax+ 1)?

1 d
= _(@r+ax+ D2 1—(x2+ax+ 1)
2 dx

2x +a

B 2\lx2 +ax+1

Q. 5. Write the derivative of sin x w.r.t. cos x.

Solution :

Let u
du

th —_—
en .
and let v
dv

th —
en I
du

dv

Q. 6. Prove that :

[CBSE, 2014 (Comptt.)]
= sin x

= COSs Xx

= COsS Xx

= —ginx

du/dx
dv/dx

COS X
= =—cotx

—sin x
(BSER, 2013)

2
%[%daz - x> +a?sin‘1£} = Ja® - a2

a

Solution :

1
2 _ 2

= S aa’ —x

2

P

= a —X

a? 1 1
+ — ——— —
2 1_['E 2 a
a
x2 o?
2Ja2 x2 2Ja2 x?

2
”2 -—%

+ ——
2ja” - x>

+ % Ja2—x2

d
Q. 7.Hfx=a cos6andy = b sin 6, then find a"

Solution :

x

B de

de

and y

dy

X 6

dy

dx

(BSEB, 2014)

= acos O

—asin 6
bsin®
b cos 9

_ dy/d®  bcosH
"~ dx/d® —asin®

b
= —-—cotB
a

Il

Q. 8. If y = sin (cot x), then find ﬂ

Solution :
y
dy
3 dx

Q. 9. Iff(x) = 4x% -
flx+h)-f(x)

Solution :

Ax)
Rx+h)

flx + h) - flx)

flx+h)— flx)
h

(JAC, 2013)

sin (cot x)

cos (cot x) i (cot x)
dx

cos (cot x) — (— cosec? x)
= — cosec? x cos (cot x)
B5x, then find the value of

(JAC, 2013)

= 4x? - 5x ,

4x + h)? - 5x + h)

4x? + 4h® + 8xh — 5x — 8h
(4x% + 4h? + 8xh — 5x — bh)

— (422 — bx)
= 4h% + 8xh - 5h
= h(4dh + 8x—5)
= 4h +8x -5



.

Q. 10. If y = Pe* + Qe®, show that :
Al CBSE, 2014)

2
d -(a+ b)— +aby =
Solution :
y = Pe™ + Qe’*
= @ = aPe™ + er”"
dx
d?y
= — = a’Pe™ + b2Qe™
dx? Q
2 : .
3 % - (a b)ﬂ + aby = a?Pe% + b2Qe™

2
—(a+ b)(aPe‘”‘ + bQeb) + ab(Pe + Qeb*)
= a?Pe* + b2Qe* — a’Pe™ — abQe® — abPe*
— b2Qe®* + abPe® + abQe®*
. =0
m'Short Answer Type Questions /000004

Q. 1. Find %, if s (/.A.C:, 2011, 13)

- 1-cOs¥
Solution : LEticosta:
l1-cosx
d i d
jd!_ ) 1+ cos x)d_x~(1 —cos x)— (1 — cos x)d_x(l + cos x)
de (1 + cos x)
(1 + cos xXsin x) — (1 — cos x)(— sin x) °
B (1 + cos x?) il
sinx +sinxcosx +sinx —sinxcosx
= (14 cosx)®
2sin x
= (1 + cos x)?

Q. 2. Ify—s1n'1|:x‘/1 x=Jx(1- x2):| find Zz
(BSEB, 2014)
Solution :

y = sin‘l[[x./l —x —x(1- xz)]

Put x = sin 0 and x =sin ¢
y = sin![sin 0 \/1 —sin%¢ —sin¢ \/1 —sin%0]

= y = sin™! [sin 6 cos ¢ ~ sin ¢ cos 6]
= y = sin~!sin (6 —¢)
= y =6-¢
= y = sin"lx—sin! Jx
dy d .
I = a(sm‘lx)——(sm‘l\/;)
I SR B
dx Jl—xz \/1_(\/;)2' 24x
R 1
dx \/'1_3.2 pNEN

Q.3.Ify . loglfx +x? + dz‘] , éhow :t_l}‘:at :

2
d’y dy
@*+a) 5 +x - = 0 (CBSE,2013)
Solution :
y = log(x + x% +a?)

a1 L. g }
dx x+x2 +a? l 2\/—6 + a®
1 x+r+a
i+’ +a? (P ra®
Jx2 +a’
oL

Squaring, we get

2
(x2+a2)[%) = 1‘

Differentiating w.r.t. x, we get

dy d%y dy z
2 2 ot p—t
(x? + )Zd — Zx(dx 0

Caﬁcelling 2 Z— throughout, we get
X

a d2y dy
2 2 — p—
(x? + a?) a2 +x T 0
Q. 4. If y* = ¢’ %, prove that : (AICBSE, 2013)

dy a + log y)*

dx = logy
Solution :
Yy = e (D
Taking logarithm on both sides,
xlogy = (y—x)loge
= xlogy = y—x ..(2)
Differentiating w.r.t. x,
dy dy
== +1 d=—=-1
y dx ohy dx
= [f—lldy = —(1+logy)
y dx '
x—ydy _ y
= PR (1 +logy)
dy ~y(1+1logy)
= — ESa
dx x-y
= dy _ _ydtlogy) @)
dx —xlog y
dy y 1+logy
= - = =
d« x logy
d 1+ log y)?
= L S { + log y) [From (2)]
dx log y
T 2(1 + logy) =yl
= % = 1+logy
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Q. 5. Test the continuity of the function flx) at
x =0, where (J.A.C.,2010; 13)

N . 1
x sin —, when x 0

fx) = x

0, when x=0

Solution :
Given flx) = xsin N , when x # 0
x
. whenx <0, flx) = xsin i
x
and whenx >0, flx) = x sin E
x
Given fl0) =0
LH.L. = lim flx)
x—0"
= lim A0-h)
h—0
= lim A-h)
h—0
el 3 1
1
= lim | A sin—
s ( A )
=0

1
(e —ISsin%SL }Lli% sinz =0)

lim Ax)
h—0"

= lim A0 +A)
h—0

=l h
i 0

R.H.L.

1
CTR!

0

.- 1 ) o1
e 1< < bl =
C. lfSIHh <1, }111)1(1) s1nh 0)
I LH.L. = RHL. =f(0)
.. fx) is continuous at x = 0.

Q.6.Ify = tan“-(g) + log Tl , prove that :
x \/x+a _

dy  2a°
dx a*-at
[AI CBSE, 2014 (Comptt.)]
Solution :
y = tan™! ) + log \/x —
xX+da

dy 1 a 1 1 1 1
2'x—a 2'x:|-a

a 1 [(x+a)—(x~a)
0 2.0 o 2 2
x“+a° 2 x“—a
a . a
== +
2+ad® P -a
t_a(qc2 —a®)+alx? +a?)

x4 —a4

2

al- x? + a® + x2 + a?]
x* —at

2a®

= — n Proved
x*—-a
x

Q7.If(x-y) ex_'; = a, Prove that :

dy
Y dat

+x =2y

[CBSE, 2014 (Comptt,)]
Solution :

x

x—-y)e*™ =a
Taking log of both sides, we get

log(x —y) + = loga

x=y

Differentiating w.r.t. x, we get

., dy
(x—y).l—x(l——]
x-—-y dx

dx
1w (12 2
= (x y)(l dxj + (x—y) x( dxj =0

(x — y)?

dy dy
= (x—y)—(x—y)a +(x—y)—-x+xdx =0

dy
= (x—2y)+y—‘l‘= 0
. dy
= Yge T% = 2y

Q.8.Ifx = a cos® 0 and y = a sin? 6, then find the
2

value of d_;: ato= ", / (AI CBSE, 2013)
dx 6
Solution :
x =acos’0
dx —
= d0 = _3a coSs ’9 sin 6
and y =asin®0
= % = 3a sin? 0 cos O
dy _ dy/de
dx ~ dx/de

3a sin? 0 cos 0

— 3a cos® 0sin 6
=—tan©




T —

?ﬁg e [E{X] $ =y +y Mg y)
d  dx | dx x(a? 1 log x + y*~1)
a (—tan §) Q. 10. Differentiate the follow1ng function with
dx ' respect to x. (CBSE, 2013)
d do (log x)* + x log x
= oo —tan 9 7 Solution : ’
d ' y = (log x¥ + x log x
~2—5(— tan 6) = y=u+v ] (1)
S where u = (log x¥ ‘
e « and v =xlogx
de _ 1 %
; o Now u = (logx)
_ :—,;se;: 9- = log & = x log (log x)
— 3a cos” Osin 6 Differentiating w.r.t. x, we get
N 1 1 du _ 1 oz log &
~ 3acos® 6sin O w dx 'x'l(,gx'I+ s S
2 : '
at(-)—E d_%' = 1-4_ = (jz E [-l——l——-+loglong
6’ dx Val1 ¢ og x
i% 2 )2 = du _ (log x)* L log log x} ..(2)
1 392 dx lg log x
. 9197 - v =xlogx
3“'E'§ & dv 1 '
| = e x-:; + log x.1
Q. 9. Find L4 ,ifx? + y*=b* +a®. (BSER,2014) dv _
dx = — = 1+logx (3)
Solution : dx di ' dv
~ Let u =% From (1), d_y_ o gus ray s
then logu =ylogx dx de  dx
1 du 1 dy dy { 1
S — 4 — = = —= = (logx¥ + log log x
v dx y.x+logx.dx ) g g Tog g log
= d_u = u(z-plogx@_) . +(1+10gx)
dx x . dx Q. 11.Ifx = cos 6 and y = §in® 6, then prove that :
du _ (2 3y d®
= Frat x’(x +log dx) - v+ (%J = 35in?0 (5 cos?B-1) .
L = 47 l X J .
e v=Y | [CBSE, 2013; (Comiptt.)]
then logv = xlogy Solution :
l1dv _  1dy ' - x = cos 0
. _x'ydx +logy.1 dx 2.
dv x dy = ae - ¢
= gx— = v(;—éx—+logyJ y = Sin‘a?e
dy :
dv ydy = - = 3sin?@cos O
= = x| ===+
= e y (x e og y) .(2) do ’ , -
Now ¥ +y = b +ab . dy _ dy/d® 3sin” 6cos@
= u+v=ba+ab o dx . dx/de— —Sine
= du v _ . = -_381n9c0s6=—§sin29
dx dx ) : 2
y dy y-dy ay _ d (dy
= xy(;+logxa] +yx(xdx+10g yj 0 dxz dx | dx
= (v logx +y"‘1x)% = —(yw-t+y" logy) = g; “gsmzej
dy 2ty log y s 2 (_S& 29)£
= de |2 logx+y"ty de\ 2 dx




E i )
5 dx
de

- §.‘2.c04s 20

2

" —~sin @
3 cos 26

sin 0

8 c.OS 29, + 2 sin? 26
sin 6

= sin® 0@

= 38in20cos 20 + %.4 sin® 0 cos®
= 3 sin?0 cos 20 + 9 sin? 0 cos? 0

= 3 sin2 0 (cos 20 + 3 cos?'6)

= 3s8in20(2cos?0—1 + 3 cos?0)
= 3sin?0(5cos26-1)

Q.12. Ifx =a sin 2¢ (1 + cos 2t),y = b cos 2¢ (1 - cos

2t), prove that at £ =

n dy b

Tax"a
(JAC,A.L, CBSE, 2014)

Solution : . .
x = asin 2t (1 + cos 2t)
= %xt— = alsin 2¢(— 2 sin 2t)
+ 2 cos 2#(1 + cos 2t)]
= 2a[cos 2t + cos? 2t — sin? 2t]
= 2a(cos 2t + cos 4t) (1)
y = b cos 2t(1 — cos 2t)
dy .
= T blcos 2t(2 sin 2t)
+ (1 — cos 2¢)(— 2 sin 2t)]
= 2b[-sin 2¢ + 2 sin 2¢ cos 2t]
= 2b[-sin 2t + sin 4¢] ..(2)
dy dy/dt
dx = dx/dt
_ 2b(-sin 2¢ +sin 4¢)
" 2a(cos 2t + cos 4t)
tt= ki
att=_,
d 26(— sinE+sin n)
0/ L 2
* safongyons)
2a| cOS—+COS T
2 .
Y 26(-1+0) B 2
T 2a(0-1) a
Q.13.Ifx = cos £(3 -2 cos*t) and y = sin £(3 - 2 sin* #),
find the value of % atf = g. (AI CBSE, 2014)

Solution :
x = cost(3—2cos?t)
= % = cos t(4 cos t sin t) ~ sin #(3 ~ 2 cos? )
dx ok . . -
= s = 4sintcos’t-3sint+2sint cos?t
= _c(iix; = —3sint + 6sintcos?t (1)
and y = sin#(3—2sin%¢)
= % = cost(3—2sin%¢) -4 sin®t cost
= % = 3cost—6sin?tcost (@2
ﬂ _ dyl/dt
dx ~ dx/dt
~ 3cost-6sin®tcost
—8sint+6sintcos® ¢
= 3 cos t(1 — 2sin? ¢)
" 8sint(2cos® ¢t —1)
b 3 cos ¢t cos 2t
~ 3sintcos 2t
= cott
tt-g
att= 7,
dy _
- cot4 =1

Q4. Hx= a(cos t+log tan—;-),y = a sin ¢, then

dy dy
find '&; and ¢—1x—2.

(CBSE, Delhi, Compartment, 2009, 12; BSEB, 2014)
Solution : d

dx . 1 2t 1
:i_t_ = a|-sint+ t.sec -2—5
tan—
2
dx 1 ] [1—sm2t]
= — =g|-sint+— = :
dt sin ¢ sin ¢
dx a cos? ¢
= — = -
dt sin ¢
dy
—r = t
= o a cos
ﬂ = i}'_ x£ = GCoR't xsint=tant
dx t " dx  acos’t N
d? d (dy
Now, zx_i = dx[u]



sec? ¢ sin ¢
- [ac032 zJ acos* ¢

sin ¢

dx’
[AI CBSE, 2014; (Comptt.)]

Q. 15. If (tan~! x)? + y*°t* = 1, then find &y

Solution :

Let u = (tan~'xy

then logu =ylogtan-!«
1du dy y 1
——-——-lo tan‘1x+ .
u dr % - tan"tx 1+ x2

dx
o ylogtan X+ vl - ! —
fan "x 1+ 2x°

du 1 ﬂ10 tan"lx + Y s
—_—>E=(tan xy {dx 2 tan lx 1+ %2
..(1)
Let = v =y~
then logv =cotxlogy .
1 dv i cot x dy
- — = - 1 5
e cosec? x og y+ dx
ﬂ = [—cosec xlogy+—— coty dy]
Bl y dx
= o y=t= { — cosec? x log y + cot x dy -(2)
dx y dx
Now  (tan !xy +y~* =1
= u+v=1
1 duw’s @ . o
dx dx
R dy -1 » y 1
-1 — log tan™ " x + :
= (tan~!xy {dx g tan- 1% 14 52
+ y“"“‘{— cosec® x log y + Coty Eil}
y dx
= _ {(tan‘1 x) log tan™ ' x + y°°“‘.m} 4]
= y®t* cosec? x logy — (tan~ 1 xy ! J 5
1+x

y*t* cosec?x log y — (tan~1x)? 7! L
R dy _ s+ 2P
dx - cot x COt Yy

(tan~?! x)” log tan™ lyt+y
Q. 16. Differentiate the following with respect

tox:

xr+1 3x

sin~'{ ———
'{1 +(36)*

2x+13x

o Sin_l{1+(3e)x}
2.2%3*

= s1n‘1{1 (62)"}

L[ 26
1+.(6%)*

} (AICBSE, 2013)

Solution :

Put 6* = tan 6.
then y = sin? ﬂz—e—
1+tan“ @

= y = sin~!(sin 20)
= y = 20
= y = 2tan16*

dy 1 g
—1 'd_x = 2.1+(6x)2 dx(6)
- dy _ 2.6 log, 6

dx 1+ (36)"
- i‘z ) ?x+13x loge6

dx 1+ (36)*

Q. 17. Differentiate tan‘l[ -

/1 o 12
to sin~! (2x\/1 -x? ) : "

Solution :

J with respect

(CBSE, 2014)

Let u = tan! x
1- %2

Putx =sin 0

then u = tan™! L‘m 9
/l — gin” H

= u = tan! sm(-))
cos 0

= u = tan!(tan @)

= u = 0=sin1x

du 1
= a = 5 (1)

1-x



vuretLniuly ana Uifferentiaoiiiey

Let
Putx=sin 0
then

=

=

dv
dx

dv
dv

sin™! (wall - x? )
sin‘1(2 sin 041 — sin? (-))

sin~ (2 sin 0 cos 0)

= sin~'sin 20
= 20=2sin'x

2 (@)
1— x?
pi i
du/dx N 1—x2 _ 1
dv/dx =~ 2 2
1.— %2

14+2% -1
Q. 18. Differentiate tan- I(L with re-
x

spect to sin-! [1 = J, when x # 0. (CBSE, 2014)
+x
Solution :
Ji+x% -1
Let u tan—! —]
x
Put x tan 6
(J1+tan?6 -1
then w tan™!| ————
tan 6
secth—1)
tan ‘[ =
tan 6 J
"1 —-cos 0
: Lan"[ - ]
sin B
tan-1| 28I * o2
A1 9 sin 0/2 cos 6/2
tan-' (tan 6/2)
9 e t -1
5 =75 an-1x
du 1
. S — el
dx 21 + x2) @
2
Let v sin‘l( x 3 J
1+x
Put x-= tan©
then v sin~1] - 2'ian 29
1+ tan“ O
= sin~!(sin 20)
= 20
= 2tan!x
dv 2
a - 1+ xZ (2)

du du/dx
dv dv/dx
1

C21+x%) 1
2
1+ x%)
Q. 19. If (cos x)’” = (cos y)*, find :‘i .

(CBSE Delhi, 2012; JAC, 2014)

Solution :
We have '
(cosx¥ = (cosy)
Taking log on both sides, we get
y log (cos x) = x log (cos y)
Differentiating with respect to x,

1 . ~dy
y(cos - J(— sin x) + dr log (cos x)

[ 1
=x
cos y

=S -—-ytanx + % log (cos x)

J(— sin y) ] + log (cos
7 dx

= —x tanyﬂ + log (cos y)
dx

= 4y [log (cos x) + x tan y]
dx
= y tan x + log (cos y)
dy _ ytanx+log (cos y)
dx  xtan y + log (cos y)
Q. 20. If sin y = x sin (a + y), prove that :
dy  sin*(a+y)
sin a
(CBSE Delhi, 2012; AI CBSE, 2013)
Solution :
siny = xsin(a +y)
sin y
" sin(a+ )

Differentiating w.r.t. y, we get

dx sin(a + y) cos y — sin y cos (a + y)
dy sin? (a + y)
sin(ea+y—y)
T sinfla+y)
dx sin a
- dy  sin®(a+ ¥)
= dy = sm Hence Proved
dx sin o
Q. 21. If y = (tan™ x)?, show that
d’y '

(x* +1)° it 2x(x® + l)ir—y =2
(CBSE, Delhi, 2012 & Outside Delhi, 2012)



Solution :
We have

y = (tan™x)?

d_y 2 tan™!
dx S P

dy
= (1+x*») 7 =2tan'x
dx
Again differentiating on both sides, we get

2
(1 + x2) M +2x-ﬂ - L
dx? dx 1+x2
dZ
= (1 + 227 EZ o (leay 2 d
=% Hence proved.

Q. 22.If y=e™"™ * then prove that

2
dy gy

g~ my=0

1- xz)
Solution :

(BSER, 2013)

mein~' x

y =e€
dy o,
= dx ~ ¢

= V12 dy

dx g
—d_y_ 2
dx
Differentiating w.r.t. x, we get
dy d*y dy N T dy
2 L = e
G2 5 dx dx? x(dx 2m’y dx

d
cancelling 2 d_ilc throughout, we get

my

= 1-x% = m?? (squaring)

d’y dy

e e e T,

1-x 2 % dx m?*y =0

Q.23.Ifx=a (cost+tsint) andy=a (sint-¢ cost),

d?y T
then find dn? att= 1

[USEB, 2013, CBSE, 14 (Compit.)]

Solution :
x=a (cost+tsint)
dx
= E=a(—sint+sint+tcost)=atcost
and y=a (sint—¢tcost)
= E=a(cost—cost+tsint)=atsint
dy dy/dt
dx ~ dx/dt
atsint
= atcost phald
d’y d (dy
d
I (tan #)
d dt
T (tan ¢) T

o
—(tan?
i dt(an)
—_ ix-,
dt
_ osec’t 1
atcost atcos®t
tt= L4
)
dy 1 _ 82
de* = pf1 N ex
el
1
Q. 24.Ifx=tan ("*1083’ ),then show that
(1+x) Y r@x-a) Y 4y 2
' [CBSE, 2013 (Comptt.)]
Solution : a8
x =tan (—logy)
a
= b logy =tan’x
= logy =atan?x
= y = eat,an'lx
ﬁi_y_ atanlx a
5 dx = 1+x?
dy ya
N de ~ 1+x°
(1 2) iy- -
= +a%) 4 =ya
d’y dy dy
2) —— =t
= (1+x)dx2 +2xdx _adx

2

d’y dy
= (1+x2)?d?+(2x—a) dx =0
x+1
Q 26. Find dx,1fy=s1n“ [1_4?]

[CBSE 2013, (Comptt.)]
Solution :

Put 2¢ = tan 0, then

A 2tan®
Y=8I0 14 tan’0
y = sin! (sin 26)

y =20
y=2tan™? 2

444




T = . -
= dx =2 Ta@y 7 los?
dy 2*']og,2
= — e S TClEn
dx 1+ 4*
| dy 1(dyY y
Q. 26. If y = x*, prove that P i ; (dx e =0.
(CBSE, 2014)
Solution :
y=x . (D
Taking log on both sides, we get
log y =x log x
Differentiating w.r.t. x, we get
1 dy 1
; dx =%t logx.1=14+logx
dy 1
= o =y (1 +logx) ..(2)
d’y dy y
= Ei:a(lﬂogxn;
d’y dy y
=1 o3y S (1 +1logx) - - =0
) d’y dy 1 dy y
= e e =0 [From (2)]
d’y 1 (dyY
= 0T =0

de® ~ y \dx x
Q. 27. If x = ae® (sin 6 - cos 0) and y = ae® (sin
0 + cos 0), find the value of % ato = %
' (AICBSE, 2014)

Solution :
x = ae® (sin 6 — cos 9)
dx ) .
= 70 =9 [e® (cos O + sin 6) + e° (sin 6 — cos 0)]
dx o
= 40 =2 ae®sin 6 (D
and ¥y = ae® (sin 0 + cos 0)
dy . i
= 40 =¢ [e® (cos 8 —sin 8) + e® (sin 8 + cos 0)]
= dy =2 ae® cos 2)
qg = 2ae’ cos
_dl dy/d®
dx ~ dx/de
B 2ae® cos0
~ 2ae’sin®
=cot 6
at 6 = .
=7
dy T
e = cot Z =1

Q.28. Ifx=asintandy=a [COS t+log tan%J‘

d2
find dx{. (CBSE, 2013)
Solution :
x =asint
dx
= E =@ cost ..[(1)
2
y =a | cos ¢+log I.-‘mé ]
sec? L
= dy . —8inf + ?l
dt ~ tan— 2
9
dy _
= E} =q | —smi+-

2sin—cosE
2 2.

= 1
=a —s1nt+-_——]

! sini
1-sin®t
=q :
sint
acos®t
= — (2)
sint
dy  dyldt
dx — dx/dt
cos’t
a »
= SmSIN =cot ¢ .(3)
acost
2 .
ay i@zj: D (ot 1)
dx? dx \ dx dx
dt —(cott)
=1 (cot ¢) d—x = dx
dt
= __coseczt i 1
" acost asin®tcott

w Long Answer Type Questions /.20
Q. 1. Verify Rolle’s Theorem for the function

1
fi) =20° + 4% ~4x -2 when - S << V2. (BSEB, 2014)

Solution :
We have
fx) =203 +x2 —4x -2
(1) -+ Ax)is a polynomial.
%) is continuous on R.

1
In particular, flx) is continuous on |:—§ 2 }
@ flx)=6x*+2x-14

1
[ (x) exists uniquely on [—5,\/5 )



JI—

flx) is differentiable on (—5,\/5)

ori) 3 (]G]

=— l+l+2—2 =0
4 4

2(J2) +(V2)" - 4(-/2) -2
4(2)+2-42-2 =0
1) .
f (‘§)= F2)
fix) satisfies all the three conditions of Rolle’s

. .
Theorem on [—5,\[2—}

l

f&2)

there exists atleast one ¢ €

such that fe)=0
6c2+2c—-4=0
3c2+¢c—-2=0
3c2+3¢c—-2c-2=0
3clc+1)-2c+1)=0
c+1)(Bc-2)=0

1 —]
—— /2
7

$ s eildl

C-_—"—_l,_

3

2 1 NG
N0

pe [27)

Rolle’s Theorem is verified.

we see that

Q.2.Ify = (sin %)% then prove that

dy y® cotx
dx ~ 1-ylog, sinx

(BSER, 2013)

Solution :
y = (sin x)(sihx)"
= y =(sinxy
= logy =ylogsinx

(Taking log on both sides)
Differentiating w.r.t. x, we get

ldy d o dy
i = Y I (log, sin x) + log sin x iy
1dy 1 . dy
—— = :cos x + logs —
= ydx ~7 sinx . gsmexdx
= & (l—logesinx =ycotx
dx |y -
dy (1-ylog,sinx
= a— y_— =y cotx
dy y* cotx
= hadd

dx = 1-ylog,sinx

T

Q. 3. FInd the vaiues u1 u aud b such that the
function defined by
5 , ifx<2
fix) ={ax+b , if2<x<10
' 21 , ifx>10
is a continuous function. . (BSER,2014)
Solution : : gt ! M
f2) =5 )
LHL. = 11_,1%1 fx)

= lim A2 - A)

h—0
lims.
=5 (2
RHL. = lim fx)
= 1}11_1)1[} fi2+h)
= lhm(} {a(2+h)+D)
=2a + b B0 (3)
-+ flx) is a continuous function
-~ flx) is continuous at x = 2
LHL. =RHL. =2

= 5=2a+b=5 .

-  2a+b=5 ey

Again, A10) =21 ...(5)
LHL. = lim fx)

x—107

= lim A10-h)

= lim {a(10-A) + b}

- =10a +b ...(6)
RHL. = lim fx)
= lim f(10 + &)
= lim 21
h—0
=21 (7

-+ flx) is a continuous function

~ flx) is continuous at x = 10

o L.H.L. =RHL. =£/10)
= 10a+b =21=21

= +10a +b =21 )
Solving (4) and (5), we get
a=2b=1

Q. 4. If the following function flx) is continuous

at x = 0, find the value of @. (JAC, 2014)
1-cosdr | 4o
x2
a 3 =10
flx) = S
Vx x>0
J16+ x ‘

Solution :

flo) =a wi{1)




LHL. = lim fix)

x—07

= %1301 A0—-h)

= lhlg)l f=h)

. 1-cos4(-h)
o

1-cosdh

= Tl — 58

bl f?

~ 2sin*2h
=Ry

] sin 2h 4
= lim 2( oh )
=8

RHL = lim fl)
lhiz)rol f0+h)
- it

o Yh
=l fe+vh-4

Ja{J16-Vh +4}

...(2)

g s B J16+ V7 — 416 + V& +4)

JE{J16+ A + 4}
o 16+ vk —16

= lim (16 +Vh +4)
=4+4
=8
If Ax) is continuous at x = 0, then
L.H.L. =R.H.L. =f0)

= 8§=8=a
= 8 =a
= a=8
Q. 5. Examine the function
-x , ifx<0
) =1 4 ifx>0

for its continuity at x = 0.
Solution :
A0) =
LH.L. = lim fx)

x—0"

= lim — (- h)
h—0
=lim hA=0

h—0

R.HL. = lim flx)

x->0"
= 1;,133 0+ h)
= lhll')l(}ﬂh)
= limh

h—0

=0

(3

(USEB, 2013)

(D

(2)

..(3)

L.H.L. = J L TN i B VPR )
-~ fle) is continuous at x = 0. _
Q. 6. Write mean value theorem and verify it for
the function fix) = x% in the interval [2, 4].
(USEB, 2014)
Solution :
We have fx) =x?
(1) -+ Ax)is a polynomial
. flx) is continuous on R.
- In particular, flx) is continuous on [2, 4].
(2) flx) =2«
= [(x)exists uniquely on (2, 4).
= flx)is derivable on (2, 4).
= flx) satisfies the condition of Lagrange’s mean
value theorem on [2, 4].
These exists atleast one ¢ € (2, 4) such that

b)- e
—f( ; Z(a) =f"(c), wherea =2,b =4
f(4)— [(4)-f(2) "
4-2 -
4% 92
= —?—,— =2c
= 6 =2¢
= c=3¢e(2,4)

.. Lagrange’s mean value theorem is verified.
Q. 7. Show that the function fix) = |[x-3|,x eIR
is continuous but not differentiable at x = 3.
(CBSE, 2013)
Solution :
3 =13-3|=0 ..
LHL. = 11_)1:;1 fx)

= lim A3-4)

= lim [3-h—-3] .
= lim |[-A]|
h—0
=0 . (2)
RH.L. = li-xg} flx)
= ]llm f3+h)
= lim |3 +h-3]|
h—0
= lim |A|
h—0
=0 ...(3)
LH.L. =R.H.L. =0)
- flx) is continuous at x = 3.
(x)-£@3)
LHD.=L£f(8) = lim f—L‘
. x93 x-3
. 113 -h)-f(3)
= (S
. |3-h-3|-0
=l )
. |-h]
= lim

h—0 —h



h

T

~ 1 ...(4)
o f-f®
lim —————
x-3" x-3
o fB+R-F®)
= i a.. 3+h-8
i |3+h-3|-0
= lim —4m47M8M———
h~0 h
Ii E
= oh

=lim1=1 : ..(B)

h—0

L.H.D. # RH.D.
.~ flx) is not differentiable at x = 3.
Q. 8. i cos y = x cos (a + y), show that :

1}

RH.D.=Rf(3)

dy cos*(a+y)
dx sina -

(CBSE, Al, 2009; USEB, 2014)

Solution :
cos y = x cos (a + b)
cos y
= = cos(a+y)
dy cos(a + y).(—sin y) - cos y{—sin(a + y)}
dx = cos®*(a+y)
~cos(a+ y)siny +sin (a+y)cosy
- cos’(a+y)
sinfe+y~y) sina
= cos’(a+y) " cosi(a+y)
dy cos’(a+y)
T dx =~ sina
Q. 9. Find the value of &, for which :
Vithe-V1-kx 40 4 .9
| x
Aas 2x+1
x-2

is continuous at x = 0. (AI CBSE, 2013)

Solution :

2(0)+1 1
A0) = 0-2 =~ 3 (1)
LHL. = lirg} fx)
= l’gr(} RO-h)

= 1’11_13 f0-h)
_ lim J14+k(=h) = J1=k(=h)

h—=0 _h

. 1-Rkh-V1+ER

lim

h—0 -h
- i YL1—RR -1+ ER)W1-kh +V1+kh)
= ~h(1-kh +J1+EkR)

(1-kh)-(Q+kh)

T 0 —h(J1-kh +\1+ kh)
_ ok
=0 -+ YitRA
ok
= T-0+41+0 = F (2)

RHL. = lim Ax)

x—0*
= lhi_I)l(} [0 +h)
- lim 0
i 2h+1
= hlil(} h ~2
20+1 1
: = 0-2 = 3 BNE))
If Ax) is continuous at x = 0, then
LHL. =R.HL.=f0)

1 1
—1 k=—§=—§
1
) k=_§

1 , if x<3
ax+b, if 3<x<5,
7 , if x25

. find the values of a and b, so that fix) is a con-
tinuous function. (CBSE, 2013 (Comptt.)]

Solution :

Q. 10. Ifﬂx) =

f3=1 (D)
LHL.= im fy)
= lim A3 h)
RHL. = lim flx)
= lim fi3 + h)

=1h1_1’101 {a (3+h)+b)}

=3a+b .3
-+ fix) is a continuous function
-~ flx) is continuous at x = 3
LHL.=RH.L.=A3)
1=1=3a+b
1=3a+b
Ba+b=1 ...(4)
=1 .(8)
LH.L. = lim fx)

x5

$ 4y

= lhi_gg 5-h)

= lhl_I}g {a (6—-h) + b}

=5a+b .(6)
RHL. = li%} fix)

= lim (5 + h)




=! l};i_l’lé)l 7 = 7 .-.(7)
“* flx) is a continuous function
- flx) is continuous at x = 5
X LHL.=RHL. =£5)
= 5a+b=7="17

= S5a+b="17 ...(8)
solving equations (4) and (8), we get
a=3,b=-8

Q. 11. Find the value of the constant % so that
the function f, defined below, is continuous at x = 0,
where

1-cos4x
ﬂx) = sz
k ’

, ifxz0

ifx=0

[AI CBSE, 2014 (Comptt.))

Solution :
HOEY (1)

LHL.= liI‘(I)} flx)
{1 —cos 4(—h)}
8(~h)*
‘ 1-cos4h
h—=0 Shz '
2sin’? 2A
h—0 8h2
sin’ 2h
a0 4h2
i "sin2h Y
= [ 2h
=(12=1 ..(2)
RHUL. = lim fx)

x—0"

= lim f(0 + A)

= .3
If Ax) is continuous at x = 0, then
LH.L.=R.HL. =A0)
= 1=1=%
= k=1
Q. 12. In the interval [1, 2], find C of mean value
theorem for the function fix) = 2x®> -1, (USEB, 2015)
Solution : We have flix) = 2x2 ~ 1
" flx) is a polynomial
- fx) is continuous on [1, 2]
and flx) is derivable on [1, 2]

= flx) satisfies the condition of langrange’s mean value
theorem on [1, 2]
.. These exists at least one C € (1, 2) such that’

_ f@)-fQ)

[le) = ok ol (1)
: A2) = 2x@ﬂ—1 8-1=7
and A =2x12-1=2-1=1
from equation (1),

7-1

e
= 2C=6
= C-= g
= C=3

Q. 13. Verify Rolle’s Theorem for the function
f(x) = 2% - 4x + 3 in the interval [1, 3]. (JAC, 2015)
Solution : Given function fx) = x% — 4x + 3 is a polynomial,
flx) is continuous on (1, 3)

Now, fx)=2x—-4vxe (1,3 all exists

= Rx)is differentiable on (1, 3).

Agam fA=(01P-4%x1+3=1-4+3=0

and f3)=32-4x3+3=9-12+3=0

; ) =f13)=0

Hence A point C € (1, 3) exists such that
fiC)=2C-4=0

= 20 =14

= C=2

C=2¢e(1,3)suchthat f(C)=0
Hence it verify Rolle’s Theorem.

Q. 14. If y =

principle.
Solution : y = tan™! «x, then x = tan y
Again, Let Ax is a small difference and Ay is also small
difference.
X + Ax = tan (y + Ay)

d
tan! x, then find Ey by first

(BSEB, 2015)

= Ax =tan (y + Ay) —x
= Ax = tan (y + Ay) —tany
Ax _ tan(y+Ay)-tany
Ay Ay
L b
Ax ~ tan(y+Ay)-tany
= lim Y - lim Ay
m—0Ax  Ay-0tan(y+ Ay)—-tany
dy . dy
== =1 : —
= dx Ay1§o sin(y + éy) _siny
cos(y+Ay) cosy

Ay.cos y.cos(y + Ay)
4-0 sin(y + Ay)cosy — cos(y + Ay)sin y




n Ay
im ———
4y—0 sm(y + Ay - y)

cos y. cos (y + Ay)

lim lim
&0 s Ay a0 cos y. cos (y + Ay)

15 1
sec? y 1+ tan? ¥y

cos?y =

1
1+ %2

W] NCERT QUESTIONS Vi

Q. 1. Find the value of ‘a’ for which the function
fdefined as:

a sin U (x+1), x<0
fix) = B
tanx —sinx
T ) X >0
x
is continuous at x = 0. (CBSE, 2011)
Solution :
asin — (x+1) x<0
fle) = tanx —sinx
— s x>0

x
-» Given function is continuous at x =0,

L.HL.=RHL. =f0)

11_>n0; flx) = lil{% Ax) =fl0)
= lmA0-h)= imf0 +h)=f0) e
Finding L.H.L.,

. , ) LT
lhl_lg fl0=h)= lhl_I)rolasm 5 (—h+1)

n wh
_ahmsm[ )

2 2
—axl=a ..(2)
RH.L.= lim fi0 + k)
— lim tanh —sinh
0 h

sinh(1—-cosh)
= W0 coshxh®

g 1-1+2sin
= | lim x| im -
h—>0 h Ti—0 f"l
sinﬁ
=1 5 2 |, 1_1
=1x2 hf)n R x4-2 ...(8)
2

From equations (2), (3) and (4), we get

f0) = a sin —;- ©O+D=a o
_1 o
= a=g
2
1
Q. 2. Differentiate : x*°°* + ;2 t 1 w.r.t. X,
(CBSE;2011)
Solution :
L t cos x x2 + 1
Le y = x" + Z-1
= Let Y, = XEeRE
Taking log on both sides, L
log y, = (x cos x) log x ...
By differentiating,
1dy, (xcosx) .
——y1 de = + (log x) {—x sin x + cos x}
_dy_l cos x 0 \ 1 '
= o = [cos x + (log x)(cos x — x sin x)]
)
x*+1
Let yZ = x2 -1
. By differentiating,
dy, (x? —1)(2x) - (& + 1)(2x)
dx (x? -1)?
20" - 20 =20 —2x
(x* -1
dy, —4x
. de (" —1) 54D

From equations (2) and (3),

dy _ 9y d%
dx ~ dx dx
dy
2 =X [cos x + (log x) (cos x —x sin x)
* 4
. ol ]
T =1

Q. 3.Ifx = \{‘T"i" Ty s \/at'llﬂ t

9y _ _Y \(CBSE, Outside Delhi, 2012)
dx x

[ s -1 [ -1
xy = asm ¢ acos 1
= ./ a’si.n_1 t+ cos_Tt

2
= a"/

Differentiating with respect to x, we get

show that :

Solution :

dy
X g +y=0
dy Y
. dx = x



